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We present efficient algorithms for computing the N-point correlation functions (NPCFs) of random fields in arbitrary D-dimensional homo-
geneous and isotropic spaces. Such statistics appear throughout the physical sciences, and provide a natural tool to describe a range of
stochastic processes. Typically, NPCF estimators have O(n"V) complexity (for a data set containing n particles); their application is thus
computationally infeasible unless [V is small. By projecting onto a suitably-defined angular basis, we show that the estimators can be written
in separable form, with complexity O(n2), or O(ng log ng) if evaluated using a Fast Fourier Transform on a grid of size n;. Our decomposition
is built upon the D-dimensional hyperspherical harmonics; these form a complete basis on the (D — 1)-sphere and are intrinsically related
to angular momentum operators. Concatenation of (N — 1) such harmonics gives states of definite combined angular momentum, forming a
natural separable basis for the NPCF. In particular, isotropic correlation functions require only states with zero combined angular momentum.
We provide explicit expressions for the NPCF estimators as applied to both discrete and gridded data, and discuss a number of applications
within cosmology and fluid dynamics. The efficiency of such estimators will allow higher-order correlators to become a standard tool in the
analysis of random fields.

Correlation Functions | Clustering Statistics | Computational Physics | Cosmology | Spherical Harmonics

R andom fields are ubiquitous in the physical sciences. Perhaps the most powerful tool for their analysis is the set of N-point
correlation functions (hereafter NPCFs), defined as statistical averages over N copies of the field at different spatial or
temporal locations. If the field is Gaussian-random, only the first two correlators (the mean and two-point function) contain
useful information, though this assumption is rarely true in practice. Examples of higher-order NPCFs populate many fields of
study; a brief search will reveal their use in molecular physics (1), materials science (2), field theory (3), diffusive systems (4, 5)
and cosmology (6), amongst other topics.

Correlation functions have found extensive use in the analysis of redshift-space galaxy surveys (e.g., 7). Whilst the majority
of information is contained within the 2PCF, inclusion of the higher-order functions is expected to significantly tighten
constraints on cosmological parameters, particularly those pertaining to phenomena such as massive neutrinos (e.g., 8, 9) and
extensions to General Relativity (10). Despite this, statistics beyond the 2PCF have been scarcely used in practice; in fact,
almost no modern analyses have included correlators with N > 3. The reason is simple: higher-order NPCFs are expensive to
compute and analyze.

To understand the computation cost, consider a D-dimensional manifold in some space M? (e.g., a Euclidean space) with an
associated complex-valued random field § : MP — C. The NPCF, ¢ :MP ® --- @ MP — C (for tensor product ®), is formally
defined as

¢ty eV s) = Es [6(5)5(5—}— r')- ~~6(s+rN_1)] , 1]

where Es represents the statistical average over realizations of d, s and r; are absolute and relative positions on the manifold,
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and we have assumed N > 2.* If the random field is statistically homogeneous, all correlators must be independent of the
absolute position s; this leads to the well-known NPCF estimator

ety kN = VLD/Dst [6(s)5(s+ 1) - 3(s +rV )], 2]

averaging the absolute position s over a volume Vp via the ergodic principle, and noting that the NPCF depends on only (N —1)
positions. Estimating an NPCF in this manner requires simultaneous consideration of N copies of §. This is particularly
apparent if we consider the NPCF of a discrete field containing n particles. In this case, Eq. (2) becomes a sum over N-tuplets
of particles, and, since the total number of N-tuplets scales as n’", the estimator has complexity O(n") (cf.§3B). For
this reason, unless n is very small, direct application of Eq. (2) is infeasible for all but the smallest N (though see (11) for an
efficient tree-based approach in 3D.)

(12) presented a new technique to measure the 3PCF more efficiently, for Euclidean manifolds in 3D, building on (13). By
expanding the angular dependence of {(r1,rs2) in the basis of Legendre polynomials, then factorizing into spherical harmonics,
the former work obtained an algorithm with O(n?) complexity. This algorithm facilitated a number of analyses, both in
cosmology (e.g., 14, 15) and magnetohydrodynamics (16). Our companion paper (17) showed that the approach can be
generalized to NPCF computation in 3D Euclidean space, which is of particular relevance for galaxy surveys. Furthermore, it
included a public code implementation* which will be used in a number of upcoming data analyses. Here, we show that similar
estimators may be constructed in any homogeneous and isotropic space; in particular, an O(n?) estimator is possible,
regardless of N, D and the spatial curvature.

Our pathway to obtaining an O(n?) NPCF estimator is the following:

1. Construct a set of basis functions for the angular part of a homogeneous and isotropic space MP (§1). For this, we use the
hyperspherical harmonics, which are a natural generalization of the spherical harmonics and arise in the D-dimensional
theory of angular momentum.

2. Combine (N — 1) hyperspherical harmonics to create an (N — 1)-particle basis on the manifold M” (§2). In particular,
we form states of definite combined angular momentum. The angular part of any function of (N — 1) coordinates on M”
can be represented in this basis; by statistical homogeneity, the NPCF depends only on (N — 1) position vectors, thus
can be written in this form.

3. Decompose the NPCF into the (/N — 1)-particle basis and factorize the corresponding estimator (§3). Since the basis
functions are separable in r',r?, ..., this decomposition leads to an algorithm with O(n?) complexity.

A variety of applications of the NPCF estimator are discussed in §4.

1. Single-Particle Basis

We begin by discussing the angular basis for functions of one position in the D-dimensional space M, hereafter referred to as
the ‘single-particle’ basis. In §2, the basis will allow construction of a joint basis of (N — 1) positions onto which the NPCF can
be projected.

A. Constant-Curvature Metric. To form an efficient angular basis, we require the underlying manifold to be (a) homogeneous,
and (b) isotropic. This leads to the well-known line-element

dSp = dr® + x;(r) [d67 + sin® 01 (d63 + -+ )] ’

(e.g., 18), adopting hyperspherical coordinates r = {r,61,...,0p_1}. In this parametrization, r is a radial coordinate, whilst the
0; are angular variables, with 6, € [0,27) (often denoted by ¢ in D = 3) and 6; € [0,7) for j > 1. A sketch of the coordinates
is shown in Fig. la for a Euclidean geometry. Eq. (3) is a constant-curvature metric, specified by

sin (r\/%) /VE, k>0
Xe(r) =47 k=0 4]

sinh(r\/m)/ k|, k<o.

Here, k > 0 gives the D-sphere, SP, k < 0 leads to the hyperbolic geometry H”, and k = 0 results in a Euclidean
geometry R”. Such manifolds are ubiquitous in the physical sciences; for instance, this describes the spatial part of the
Friedmann-Lemaitre-Robertson-Walker metric for an expanding Universe (19).

*Equivalently, Eq. (1) may be expressed as the functional integral ¢(r!, . . ., rN-L s) = f DS [5(5)6(5 +rl). . 8(s + erl)] , where f Dé = 1.

T Note that the NPCF contains both a ‘connected’ and ‘disconnected’ contribution, with the latter factorizing into a sum of products of lower-order correlators. If the lower-point functions are already
measured, only the connected contribution offers additional information.
* Available at github.com/oliverphilcox/encore
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(a) Cartoon illustrating the coordinate system used in this work, assuming a Eu-
clidean geometry for simplicity. The outer dashed box indicates R, whilst the gray
plane represents RP-1, containing the Cartesian coordinates {z1,...,zp—1}.
The position vector r € R can be expressed in hyperspherical coordinates
{r,01,...,0p_1}, where r is a radial coordinate. 6 _1 is defined as angle
between the % axis and the projection of r into the subspace RX, as shown for
0p—_1 and Op_o. The angles obey the restrictions 0 € [0, 7) for K > 1, and
01 € [0,2m). An angular momentum index £k —1 encodes the orbital angular
momentum in the subspace R*< containing the first K Cartesian coordinates (§1).

(b) Sketch of the decomposition underlying our NPCF algorithm, visualized for
N = 4 in a Euclidean geometry. On the left, we show the 4PCF defined by three
separation vectors r', r2, r® relative to a primary position s; naive 4PCF estimation
proceeds by integrating over every possible quadruplet of points in space. On the
right, we show our decomposition, factorizing the 4PCF into three functions of two
positions, a(s; ), which may be independently estimated from the data-set. Each
function depends on a side length r* and a set of angular momentum indices 7,
the latter specifies the angular part of r* in the hyperspherical harmonic basis. This
decomposition permits an NPCF estimator with O (n?) complexity.

£1 gives the azimuthal angular momentum about %3, and £p_1 gives the total
angular momentum.

B. Harmonic Functions. A convenient basis for the constant-curvature space M is formed from the set of harmonic functions
f:MP — C. These satisfy the Laplace-Bertrami equation

Af@):\%m@(vﬁﬂfﬁxﬂﬂ)_o, [5]

where f is twice continuously differentiable, g is the metric (with |g| = det [gi5]), i € {1,2,..., D} and we have assumed the
Einstein summation convention. Inserting the metric of Eq. (3) and assuming a separable solution f(r) = R(r)Y (), where
t={01,...,0p_1}, Eq. (5) leads to

xi C(r)o: [, T (aR(r)] =
sin®~ " 6, 9p, [sinDi2 01 891Y(f‘)] 4 4sin 20 -sin 2 0p_s 83D_1Y(f') =

for constant Ap_1 € C. Here, we are interested only in the angular part given in the second line, which can be written as the
eigenfunction equation

Ap-1R(r), (6]
Ao Y (F)

Ao 1Y (#) = =Ap 1Y (1), (7]

where Agp -1 is the Laplace-Bertrami operator on the (D — 1)-sphere. The corresponding solutions Y (#) are the hyperspherical
harmonics on SP71 (e.g., 20, 21), whose explicit form will be given below.

The meaning of Eq. (7) is straightforward: the angular parts of the harmonic basis functions on MP are the
hyperspherical harmonics on SP~!, regardless of the spatial curvature k. This is additionally seen by noting that Eq. (3)
can be written d¥3, = dr® + x3(r)dQ%_;, where dQ%,_; is the line element on the (D — 1)-sphere. Physically, this decomposition
is guaranteed since we have assumed the metric to be homogeneous and isotropic, enforcing invariance under the rotation
group SO(D) about any origin.

C. Hyperspherical Harmonics. We now consider the form of the solutions to Eq. (7). Noting that the Laplace-Bertrami operator
on the K-sphere may be written in terms of that on the (K — 1)-sphere, we may construct the angular basis functions iteratively,
first solving for the 1-sphere basis, which can then be used to find the solution on the 2-sphere, et cetera. This leads to the
hierarchy

Y01, 0k) = O (0x)Y V(01,0 ), (8]
SinliK GK i Si1’1K71 9}( % — )\K—l Sir172 9}( @K(HK) = *AKGK(QK)
00Kk 00k

(22), where we have written the eigenvalue for the K-sphere as Ax. Starting from the 1l-sphere basis functions ©1(6;) =
(2m)~Y2exp (—if16:), we can form the full hyperspherical harmonics by solving Eq. (8), giving

Yoo.op ,(01,...,0p_1) =©1(61)O2(02) ---Op_1(0p-1), 9]
2€K+K71(€K+£K71+K—2)! . 1-K/2 —(Ug_1+K/2-1)
Ok (Ok) = \/ 5 e — e )] in' %72 g, PeK+I§</12—1 (cosOk),
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for K € {2,...,D—1}, where P} (z) is an associated Legendre polynomial (e.g., 23, §14.3). The solutions are specified by a set
of (D — 1) integers, {¢1,...,¢p—1}, which are related to the Laplace-Bertrami eigenvalues of Eq. (5) via Ax = {x({x + K — 1)
and must satisfy

—ly < Uy < Uly, b1 <Ulxg <[lxq1 (K >2). [10]

We give the explicit forms for the basis functions with D < 4 in Appendix A.

D. Connection to Angular Momentum Eigenstates. The angular basis described above is intimately related to the theory
of orbital angular momentum in D dimensions, which we now describe. This treatment will be of use when constructing
multi-particle basis functions in §2. N N

In 3D, the theory of angular momentum is centered around two operators, L? and Ls, which respectively give the total
angular momentum and that projected onto the X3 axis. Both may be constructed from the vector operator L = r X p, where
p; = —i(9/0z7) is the linear momentum in R*. For D # 3, we cannot define a cross-product, thus we instead start from the
tensorial angular momentum operator, following (24):

Lij = xipj —xjps, i#£j§€{1,2,...,D} [11]

where {z1,...,zp} is a Cartesian coordinate chart.¥ These operators are antisymmetric (/L\” = —/L\]'i) and form the Lie algebra
s0(D). This is the algebra of the rotation group in D dimensions, which is itself the symmetry group of the (D — 1)-sphere. Of

particular interest is L12; when applied to some state, this gives the angular momentum projected along the X3 axis, just as for
Ls.

To fully define the rotational properties of a D-dimensional function, we must specify not only its total angular momentum,
but also the angular momentum projected into lower-dimensional subspaces. Such momenta can be obtained from the operators

2

for K > 3. Here, £} = (E12)2 + (Elg)z + (E23)2 gives the angular momentum in the subspace R* C RP containing {z1,z2, 23},

(Lij)?, [12]
+1

L

ﬁ gives that in the R* ¢ RP subspace containing {z1, T2, 3,24} et cetera. E% is the total angular momentum operator,
analogous to L? in the three-dimensional theory. .

As shown in (24, Ch. 3), a complete set of commuting angular momentum operators is given by {Li2, 2;23, R EZD} Moreover,
the hyperspherical harmonics of §1C are simultaneous eigenfunctions of these, satisfying

LYoy oty (B) = 0 Yo op ,(B), [13]
L2Yeyup  (8) = Ll a(lk1+K—2)Ye op_,(#) (3<K<D).

This occurs since the K-dimensional Laplace-Bertrami operator of Eq. (7) (which the hyperspherical harmonics are eigenfunctions
of) is related to the K-dimensional total angular momentum operator by Agrx -1 = 72%(. We may thus associate {x_1 with
the orbital angular momentum in the subspace consisting of the first K Cartesian coordinates (for K > 3), and ¢; with that
projected onto the %3 axis. Such an interpretation also justifies the conditions in Eq. (10); projections of the angular momentum
into lower-dimensional spaces must have equal or smaller magnitudes than the total angular momentum in D dimensions.

For later use, we introduce abstract notation for the angular momentum basis functions Ygl_‘_ngl(f'), Each angular
momentum eigenstate is labelled by a set of integers, such that

Yoo.op o (r) = |l1.. . £p_1) [14]

in Dirac (or bra-ket) notation.¥ In total, there are (ZD‘BJ:?)D*3) (26p—1+ D — 2)/(D — 2) eigenstates corresponding to a given

total angular momentum ¢p_; if D > 3, and one if D =2 (24, Eq. 3.37).

E. Single-Particle Basis Properties. The hyperspherical basis has a number of useful properties (20-22). Firstly, it is orthonor-
mal, for a suitably defined inner product:

/SD_l A1 Y, o) (B)Yer o (2) <el...eD,1|e’1...eb,1>:62,5,1...555 P [15]

4 )
D—-1"D-1

where the Kronecker delta, 65, is unity if i = j and zero otherwise. Secondly, the functions form a complete basis on SP~1,

such that, for any h: SP~! — C
h(f‘) = E helu.éD,lyvél,,,gDil(f') < |h> = E <€1.,.£D71|h> |£1---£D—1>7 [16}
l1..8p_1 L1..8p_1
Ssince M and RD share the same angular parametrization, and angular momentum is independent of radial coordinates, we may work in a Euclidean space for the purposes of this section.

Y The Hilbert space formed from these states is an infinite-dimensional representation of the rotation group SO (D). Practically, the eigenvalue £, _ 1 represents the behavior in SO (D), whilst the
values of £ 1 with K < D specify the rotation’s action in a lower-dimensional subgroup SO (K).
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where the summation limits are over all angular momentum indices allowed by the selection rules of Eq. (10). The basis
coefficients h¢, .4, , = (¢1...£p_1| h) may be obtained via the orthonormality relation. Since the angular part of MP is just
the (D — 1)-sphere SP~! (§1A), any one-particle function on M” can be decomposed into this basis; in general, the
coefficients retain dependence on the radial coordinate 7.

The basis’ behavior under complex conjugation and parity inversion will also prove useful. For the former, we obtain

Yé*lez.“ZD,l (f') = (_l)élyv(*el)él-'eD—l (f') [17]

Parity inversion, denoted by P, sends r — —r and thus 61 — 7m + 61, 6, — m — 0, for kK > 1. We find
P [n1-<-5D_1(f.)] = (_1)ZD71Y721...ZD_1(f')7 [18]

verifiable by noting that the actions of the parity operator on the basis components entering the first line of Eq. (9) are
P[O1(61)] = (—1)"1©1(0:1) and P[Ox (0x)] = (—1)*K 7K1 for K > 1, thus all £; cancel except for the total angular momentum
index ¢p_1.

2. (N — 1)-Particle Basis

We now utilize the mathematics of angular momentum addition to generalize the angular basis of §1 to functions of (N — 1)
positions, s.e. f:MP@MP ®---@MP — C.

A. Angular Momentum Addition. To begin, we consider the combination of two angular basis functions on the (D — 1)-sphere.
For convenience, we will work in the Dirac representation (Eq.14) and denote the set of angular momentum indices by
0= {t,...,p_1}, with superscripts used to distinguish between particles. Given single-particle states ‘571> and ’ZZ>, the

SP~1 @ SP~!. This is a simultaneous

simplest two-particle state is |ln,l72> = ’Z_l> ’172>, which exists in the product space
eigenstate of angular momentum operators for the first and second particles, /L\S) and /L\EJQ) (cf. §1D). Whilst the product states
|671, 52> do form a basis on S?7! ® SP~! (sometimes called the ‘uncoupled basis’ (25)), it is not an efficient choice, since (a) we
require 2(D — 1) angular momentum indices to specify the state, which, as shown below, is considerably more than necessary,
and (b) the indices are not straightforwardly connected to the joint rotation properties of the two-particle state.

A more appropriate basis is wrought by considering the combined angular momentum operator ES?) = /L\Ejl) —|—/I_\§JQ.)7 which
specifies the properties of some two-particle function, f(r',r?), under joint rotations of r* and r? about a common origin. As
in §1D, ES.Z) may be used to construct a set of commuting angular momentum operators, whose eigenstates can be written
|[_:> = |Li...Lp—1). Here, Lx_1 specifies the combined angular momentum projected into the K-dimensional subspace
formed of the first K Cartesian coordinates (for K > 3), and L; gives that projected onto the %3,%3 axes. Similarly to the
single-particle state, the L indices must obey the selection rules of Eq. (10).

Two-particle states of definite combined angular momentum are formed by summing over products of one-particle states,
just as in the 3D case (e.g., (26), see also (25, 27, 28) for a more general discussion). In full:

(61 61 ) z z (2,2 )| 7)|2), 19)
2
2

where <21,572| E> is a Clebsch-Gordan (hereafter CG) coefficient (e.g., 29). This is often referred to as the ‘coupled basis’ (25).

To uniquely define the state, we must specify (a) the combined angular momentum eigenvalues E, and (b) the total angular
momentum of the first and second particle, £5,_; and £%,_;. Importantly, Eq. (19) involves a sum over {£%,..., 5 _,}, i.e. the
projection of the particles’ angular momentum into lower-dimensional subspaces. Due to this, the combined state is specified
by only (D + 1) indices, which, for D > 3, is significantly fewer than the 2(D — 1) required for |l71, 172>

Practically, one must know the CG coefficients <l71,l72| E> in order to form the combination states of Eq. (19).H These
have been studied in depth (e.g., 26, 29-32) and may be simplified by techniques such as Racah’s factorization lemma
(33). One route to their computation is via Eq. (19); starting from a state of maximal combined angular momentum,
|£D N 1,171 + P> = |lm> |572> (wherein the two angular momentum vectors in R” are aligned), ladder operators may be
applied iteratively to obtain states of lower angular momentum, whose weightings give the CG coefficients. Explicit forms for
<l71,172| E> are given in Appendix A for D < 4.

CG coeflicients satisfy certain orthogonality conditions, including

Z Z E?‘L <Zl P’L>—(SL L’ X - X(SE(DflL/Dfl. [20]
Z1D2l 2

IThe CG coefficients used in this work are those of the SO(D) D SO(D — 1) D --- D SO(2) reduction.
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Coupled with the orthonormality of the one-particle states |l7> (Eq. 27), this ensures that the combined-angular-momentum
basis is orthonormal, i.e.

211 g2 1 2 K K K
<LI§ZD—1ZD—1 lp_14p_1; L > (5L L “'5LD L 1) X (54}371137154]2 3 1)- [21]
Furthermore, <l71,l72| I_;> is non-zero only if the triangle conditions are satisfied:
Ly =6+ 6, |tk — | < Li < O + G, [22]
for 2 < K < (D —1). The first constraint occurs since L is the eigenvalue corresponding to L 2 ). which is linear in L(12)
and L%) (cf. addition of m indices in 3D), and the second is due to the triangle inequality, recalling that Lk corresponds to
the magnitude of the angular momentum in the subspace R¥. In particular, the constraints fix the total combined angular
momentum, Lp_1, to be no greater than ¢4, |, + (% _,.
B. Combined Angular Momentum Basis. By repeated application of the angular momentum addition rule of Eq. (19), we may

build up an (N — 1)-particle state of definite combined angular momentum. Explicitly (denoting the angular momentum indices
by £ ={l1,...,€p_1}, as in §2A):

sty ) = Y (LEE 7)), 23
(1122
(b B alBafh Y = ST ST(RE P (] 1) |2 |2) |,

[€4][£2]123] [£12]

combining }Zm> and |l72> to obtain a two-particle state of angular momentum 1712, then in the second line combining this with

5123

|l73 > to form a state of angular momentum et cetera.™ Each summation is over all components of 7 except the total angular

momentum ¢p_1; we denote this by [57] Iteration of Eq. (23) leads to the (N — 1)-particle basis function

BD)= Y CRE an IP)E) ), s

[£1][22)... [0V 1]

where we have defined the set of total angular momentum indices A = {0 1,05 1, b5 1,65 _1,... 481} and

CRL = DL (BP0 PPy (22D N L), [25]

...EN-1

[12]...[12. (N=2)]

We have additionally set P2 N-D = representing the combined angular momentum eigenvalues. Note that Eq. (24)
contains a sum over both the primary indices £° (which define the single-particle states) and intermediates, e.g., 072 (within
the coupling definitions), but not those corresponding to total angular momenta, i.e. £p_1.

The meaning of Eq. (24) is straightforward; an (N — 1)-particle state with eigenvalues L can be obtained as a sum of
product states, weighted by (N — 2) CG coefficients. To define the state uniquely, we must specify not only the total angular
momentum {p_; of each single-particle state, but also the total angular momentum of the intermediate states, e.g., {12,

arising from the coupling of ’Zl> and |l72> In total, the state is specified by (2N + D — 5) indices; again significantly fewer
than the (N —1)(D — 1) required for the product state ‘[1> e !ZW71>.

A particularly interesting state is that of zero combined angular momentum, i.e. L =0." From Eq. (24), this can be written

i) = Z CRT LYY . 26

gNl

Unlike the general state (Eq.24), this is specified by only (N — 4) intermediate couplings 212"', since the final CG coefficient in
Eq. (25) fixes E}Q”'“\PQ) =N and Z?"'<N72) = (%! for K > 1. In total, we require (2N — 5) indices to fully define the
isotropic state, regardless of dimension.

**For D = 3, our basis functions match the ‘coupled representation’ of SU (2) discussed in (25) in the context of quantum chemistry.
TrormP = R3, our treatment of the L = O states exactly follows that of (34).
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C. (N — 1)-Particle Basis Properties. The (N — 1)-particle basis functions of Egs. 24 & 26 have analogous properties to those of
the single-particle basis (cf. §1E). Using Eq. (20), we can show orthonormality:

<E’;K’

requiring both equality of the combined angular momentum vectors (L and L) and all components of A and A’ (which specify
the total angular momentum of each particle and that of intermediate states). Since the combined angular momentum states
form a complete basis, for any (N — 1)-particle function h : SP 7' ® --- ® SP~! — C, we can write

h>_%:%:<i;ﬂ‘h>

K;E> o bV =N REPEG N [28]
T i

summing over both combined angular momentum indices L and the indices contained within A. The basis components are
denoted by <l_;, K‘ h> = h/é\. For the second equality above, we switch to wavefunction notation, with the basis functions
defined as

G Y= YT CRE Y)Y Y YT, 29]
[e1][e2]...[eN ~1]

where Y(#) are the hyperspherical harmonics of Eq. (9). Since SP~1 is the angular part of MP, the directional dependence
of any (N — 1)-particle function in M” can be expanded in the separable form of Eq. (28).

If the function h appearing in Eq. (28) has rotational symmetry, a simpler decomposition is possible. In particular, we
assume it to be invariant under rotations drawn from SO(K) C SO(D), where the rotationally invariant subspace incorporates
the first K Cartesian coordinates. The relevant basis functions must satisfy

- =

L2 A;L>:O = L;=0, Vi<K, [30]

K

where Z%( is the combined angular momentum operator in K dimensions.** In this instance, only basis functions of the form
X;0...0 Lk .. .LD,1> enter into Eq. (28).

If h is invariant under spatial rotations about any axis (i.e. it is isotropic), only the L = 0 state is required. In this case

h) = Z<6;K‘h>‘/§;6> o hE N =3RRI Y, 31]
i R

for components h% = <6,K‘ h>, which may be determined via orthonormality. The directional dependence of any

isotropic (N — 1)-particle function in MP can be expanded in the separable form of Eq. 31.
Furthermore, the basis functions have the following behavior under complex conjugation and parity inversion:

LG | B e e e S (I A 32
]P){Pf(f'l,...,fl\"l)} = (Nt TPl N,

using Eq. (17) and Eq. (18), noting that the CG coefficients enforce £} + £ 4 - - - + 4\1—1 + Ly = 0. For L = 0, this implies
that even-(odd-)parity basis functions are purely real (imaginary). We give the explicit forms for the N = 3 and N = 4 basis
functions in Appendix A.

3. An Efficient Correlation Function Estimator

Armed with the (N —1)-particle angular basis of §2, we now proceed to construct an O(n?) estimator for the N-point correlation
functions. For full generality, we do not assume the NPCF to have any rotational symmetry; such symmetries set various basis
components to zero, as discussed in §2C.

¥ This occurs since any basis function with Lz # 0 has non-zero combined angular momentum in the K -dimensional subspace, violating rotational invariance.
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A. Derivation. Assuming statistical homogeneity, the NPCF defined in Eq. (1) is a function of (N — 1) points on MP, and may
thus be expanded in the combined angular momentum basis of §2:

N A R N5 G (I i} 33]
L K

where the basis states, 7?/%, are defined in Eq. (29). As before, we sum both over I_;, which specifies the properties of the
NPCF under joint rotations of all (N — 1) direction vectors (with only L = 0 required if the NPCF is isotropic), and
A={lh 1,05 1,05 ... ,Zg:i}, which defines the relative orientations of the direction vectors. In this form, the NPCF is

fully specified by the basis coefficients ¢ 1%7 which are functions only of the radial parameters r°.
Due to the parity properties of the basis functions (Eq. 32), basis coefficients with even (odd) ZZ 0%, _, represent even-parity

(odd-parity) NPCF contributions; furthermore, they are purely real (imaginary) if the random field ¢ is real-valued and L=0.
Parity-odd isotropic basis functions occur only for N > D; at lower orders, a parity transformation is equivalent to a rotation,
under which the basis functions are invariant.

The basis coefficients can be extracted from Eq. (33) via an inner product:

<§(r1,..,,w—1);<x;ﬁ]<>:/D b dT [Clr PR YY) 34
S —1®...®§ -1

where the integral is over (N — 1) copies of the angular space. As in Eq. (2), the NPCF may be estimated as a product of N
random fields, integrated over space; inserted into Eq. (34) this yields

G s VL/ st/ b - a7l {6(5)6(s+r1)~~5(s+rN71)P§’*(f'1,.,,,f'Nfl)}. 135]
D MD sP-1g...@sDP—1

Finally, we insert the explicit forms of the (N — 1)-particle basis functions (Eq.29):

AT _ 1 AL EION
CLet Ny = T > Cﬁng,l/ dPs §(s) U dﬂlp_lé(s—&-rl)Y[l(rl)] [36]
MD SD—l

[£1)...[eN -1
%% U doN~1 §(s+rN1)Y?N1(f‘N1)} ,
sD—1

noting that the angular integrals are fully decoupled. By defining

ag(s;r) = / dQp_168(s+r)Y;(8), [37]
sD—-1
Eq. (36) can be written succinctly as
A _ 1 AL _
Cx(rl,,..,rN h = s Z C?l‘.L”é_Ni1 /D d"s [6(3)%1 (s;r)- - apn - (S Y 1)} . [38]
[@1]...[EN 1] M

Estimation of the NPCF basis components reduces to two operations: (1) computing az(s;r) for each radial parameter
r and angular momentum eigenvalue set 7 of interest,% and (2) performing a spatial integral over s, alongside a sum over
the lower-dimensional angular momentum eigenvalues £%,...,¢% o, subject to the coupling rules of Eq. (10) & Eq. (22).
Computationally, this is much more efficient than a direct implementation of Eq. (35). A cartoon indicating this procedure for
N =4 is shown in Fig. 1b.

B. Application to Discrete Data. A common application of correlation functions is to discrete data, i.e. sets of points randomly
distributed in the space M”. This allows the random field to be represented as a sum over n Dirac Delta functions, 6°:

6(r) = ws(r —y’) 39]

where {y’} are the particle locations and we allow for arbitrary (complex) weights {w’}. In this formalism, the naive NPCF
estimator of Eq. (2) becomes

6([‘17_”71'1\771) = VLDZ Z Z ijkl ...ka—l [6D(r1 +yJ _ykl) .6D(rD71 +yJ _ykD—l)} . [40}

j=1k1=1  ky_1=1

§§It is conventional to bin the NPCF in radius; this ensures that only a finite number of a[(s; ) functions need to be estimated, assuming some limits on Z
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Being a sum over n'¥ points in M, this has complexity O(n').
Inserting Eq. (39) into Eq. (38) leads to the following estimator for the NPCF basis coefficients of a discrete field:

o7 _ 1 o R
GO v 2 Cilm Zw ap (y'sr!) - apna (5] [41]

[21)...[fN -1
az(yj;r) = ZwJYﬂ )5D (r— ’y — ]D

Practically, the az(yj ;7) functions may be computed by summing over n points, {yk}, weighted by a hyperspherical harmonic
and a Dirac delta function (or binning function) in the separation vector y* — y’. Since the functions must be estimated
at the location of each primary particle, y’, the total algorithm has complexity (9(n2)7 regardless of D or N. This is
significantly faster than the naive NPCF estimator of Eq. (40), showing the utility of our basis decomposition.

C. Application to Gridded Data. Our estimator can also be applied to continuous data discretized on some regular grid, which
is of use for the analysis of hydrodynamic simulations, for example. For this, we first rewrite az(s;r) (Eq.37) as

aglsir) = /M dPrs(s + DY (- rl) = (1) /M (s 1) [Yi0o° e 2]

promoting the integral over S®~* to one over M by inserting a Dirac delta function in the radial coordinate r. For gridded
data in Euclidean space, i.e. with MP = R, this may be straightforwardly computed using the D-dimensional Fast Fourier
Transform (henceforth FFT). Explicitly:

ag(s;r) = (—1)'P'FFT ' [FFT(6)FFT(Y;6")] . [43]

where FFT ™ is the inverse FFT. These operations have complexity O(nglogng) for ng grid points. Following computation of
the various a(s;r) terms, the NPCF estimator can be constructed from Eq. (38) as a simple sum in D dimensions. The full
estimator has complexity O(nglogng), which is again much faster than the naive (9(ng ) scaling.

4. Applications

We consider a number of physical scenarios in which the above methods can be employed.

A. Cosmic Microwave Background. Cosmic Microwave Background (CMB) radiation encodes a snapshot of the Universe at
the epoch of recombination, around 380, 000 years after the Big Bang. This may be probed using microwave satellites such as
WMAP and Planck, which map the CMB temperature fluctuations as a function of direction; such observations have been used
to place strong constraints on cosmological parameters such as the matter density and Universe’s expansion rate (e.g., 35, 36).

In this scenario, the random field in question is the fractional temperature fluctuation on the 2-sphere, © : S> — R, i.e.
MP = S?. Conventionally, © is expanded in D = 3 spherical harmonics as ©(¢, ;1) = Zfzo ZL:_L OrmYrm (g, 0), using
spherical polar coordinates ¢ € [0,27), 6 € [0, 7) relative to some pole on the sphere at position vector in. The statistical
properties of © are then characterized in terms of the spherical harmonic coefficients ©ras (often denoted a7 ;). To apply the
techniques of this work, we instead expand the temperature fluctuations using the D = 2 hyperspherical harmonics (§1C), i.e

@(r;ﬁ>=iee(9m )= i )e'?, [44]
£=0 =0

identifying ¢ as the total angular momentum and 6 as the radial coordinate relative to fi, which now acts as an origin on S2.99
This is a convenient basis for computing higher-order clustering statistics on the two-sphere, since (a) it avoids the need for an
embedding space, and (b), it provides a natural split into isotropic and anisotropic correlators.

As in Eq. (1), the NPCF is defined as a statistical average over O:

¢t ") =Ee [0(0;0)0(rh) - O T A)] [45]

By statistical homogeneity, this is independent of the choice of origin ii. Assuming statistical isotropy, Eq. (45) may be
expanded in the basis of Eq. (31), where the D = 2 basis functions take the form

P no1 (' V) = (@m) T T 2exp [i( e 4o+ VTN, [46]

99 Here, 6 measures the arc-lengths of great-circles through two points on the 2-sphere, as viewed in R3.
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with £ +- .-+ ¢N¥~! = 0. Note that no intermediate angular momenta need to be specified due to the coupling rules of Eq. (22).
As in Eq. (38), we may form an O(n?) isotropic NPCF estimator:

Broan a0 07 = |0 B0 (356Y) - apvos (0¥ )] 47
§2

L[ oy it
\/%/o d¢ ©(¢,0;n)e’?.

The first integral is over all possible choices of origin n, whilst the second is over a circle centered at n with radial parameter 6.

Such estimators are straightforward to implement and allow efficient computation of the higher-order CMB NPCFs, albeit
in a basis somewhat different to that usually adopted. We caution that the £ indices play a different role to those of the L
indices appearing in the standard spherical harmonic expansion of ©. In our basis, ¢ represents angular momentum around an
origin on the 2-sphere, whilst the L is with reference to the origin of the 2-sphere in the embedding space R®. In practice, this
allows us to restrict to much smaller £ than used conventionally.”™ We further note that the CMB contains also polarization
fluctuations. These may be analyzed using an extension of the above formalism, replacing the hyperspherical harmonics with
spin-weighted hyperspherical harmonics (e.g., 37, 38).

ae(n; 0)

B. Hydrodynamic Turbulence. Hydrodynamic turbulence is an area in which NPCFs have found significant use. Being a chaotic
process, the evolution of the velocity and density fields in a turbulent flow cannot be treated deterministically; rather, they
must be analyzed statistically. Furthermore, the density fields of turbulent media are known to be close to log-normal (39),
implying that the higher-order NPCFs functions contain a wealth of information, particularly concerning the sonic and Alfvénic
Mach numbers (e.g., 16, 40-42).

Perhaps the simplest observable is the turbulent density field, § : R® — R, whose N-point function is defined in Eq. (1). In
the absence of any external forcing, we expect the NPCF to be statistically isotropic, thus it can be expanded via Eq. (31) in
terms of the D = 3 basis functions of zero angular momentum. As shown in Appendix A, the corresponding one-particle basis
functions are just the usual spherical harmonics, Yz (#) (with £ = {m, ¢}), and their coupling can be expressed in terms of
Wigner 3-j symbols.

As before, we may form O(n?) NPCF estimators via Eq. (38). Explicitly, the isotropic 3PCF and 4PCF estimators become

¢
g 1
(N =3) gty =5 / ds [8(s)ame(s; T )amye(s;)] [48]
m=—4£ R3
G 1 12 g8 o2 B
(N=4) C21g233(7"177”2,7“3) = V(—l)e e Z (ml m2 m3> /}R3 ds [6(s)am1l1(s;rl)amzzz(s;r2)am3e3(s;r3)],
mlm2m3

ame(s;T) :/ dQ26(s + )Yy, (£),
§2

where V' is the volume of the space. This approach was used to facilitate efficient computation of the density 3PCF in (16),
using FETS to obtain ame(s;r) (§3C). Introducing spin-weighted (or vector) spherical harmonics, the approach may be extended
to tensorial correlators, such as those of the velocity field.

C. Large-Scale Structure. The large-scale distribution of matter in the late Universe follows a weakly non-Gaussian distribution
and is commonly analyzed using N-point statistics (e.g., 43). The underlying space is expected to be flat, homogeneous, and
isotropic, and is thus described by Eq. (3) with k =0 and D = 3.1" A common task in cosmology is the estimation of isotropic
NPCFs for the galaxy overdensity field, §, : R®* — R; this proceeds identically to §4B, except that the data are discrete. Full
discussion of this (including implementation in the ENCORE code**) is presented in our companion work (17), and allows
information to be extracted from the high-order NPCFs, which are otherwise computationally prohibitive to measure.

Due to the effects of redshift-space distortions (e.g., 44, 45), observed galaxy distributions are not isotropic, implying that
the decomposition of Eq. (31) does not capture all possible NPCF information. However, the statistics are invariant under
rotations about an (assumed fixed) line-of-sight, here set to %3. For a full treatment, we must instead expand the NPCF using
Eq. 28, keeping only terms with L; = 0 (cf. §2C):

oo

T e D DD XS (I AN Fo AN S [49]
A

L=0 x

*** CMB fluctuations have characteristic angular scale 75 (zx)/d 4 (z+) where r is the sound horizon in comoving coordinates, d 4 is the angular diameter distance and z.. is the redshift at the end of

the baryon drag epoch. This imprints a characteristic angular momentum scale L ~ 7d 4 (2« )/7s(z+) > 1. In our basis, £ corresponds to the ratio of two polygon sides on $? and is thus O (1).

1 our methodology applies similarly to & # 0, though there is significant evidence implying that the Universe is flat (36). Additionally, our methods can be used to compute projected correlation functions
inR2, requiring the D = 2 basis functions, as demonstrated in (12) for the 3PCF.

i github.com/oliverphilcox/encore
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writing L = La. As an example, the 3PCF becomes

Crhr?) = N et PR £), [50]
L=0 ¢1¢2

1 2
P%p(fl’fé) = (71)4241 /2L+IZ(1€1 _4 L> Y}zlm(f'l)Y@_m(fz),

m 0

(cf. 46, 47). Such statistics may be estimated via Eq. (38), as before. The above decomposition provides a complete basis for
the redshift-space 3PCF (analogous to 47) and extends naturally to higher orders.

5. Summary

Many areas of research require computation of clustering statistics from a continuous or discrete random field. Perhaps the
most prevalent statistic is the N-point correlation function (NPCF), defined as the statistical average over N fields in different
spatial locations. If the random field is Gaussian-distributed, only the 2PCF is of interest; in the general case, all the correlators
have non-trivial forms. Given a set of n particles, a naive NPCF estimator has O(n™) complexity. As N increases, this rapidly
becomes computationally infeasible to apply: alternative methods must be sought if one wishes to unlock the information
contained within the higher-order NPCFs.

This work considers NPCF estimation on an isotropic and homogeneous manifold in D dimensions. Under these assumptions
(which encompass spherical, flat and hyperbolic geometries), we show that any function of one position can be expanded in
hyperspherical harmonics; a D-dimensional analog of the conventional spherical harmonics. These are also eigenstates of the
angular momentum operators; utilizing the mathematics of angular momentum addition, we can construct basis functions
involving (N — 1) points on SP~1 as a sum over products of (N — 1) hyperspherical harmonics. This forms a natural angular
basis for the NPCF, particularly if the random field is statistically isotropic. The decomposition allows construction of an NPCF
estimator that separates into a product of (N — 1) spatial integrals; this can be computed in O(n?) time, or O(nglogn,)
using FFTs with ng grid-points, regardless of D, N and the spatial curvature.

Such techniques will allow high-order correlation functions to be computed from data, allowing more complete analysis
of phenomena ranging from fluid turbulence to galaxy clustering. Application to galaxy redshift surveys is presented in
detail in our companion work (17), and will facilitate a number of analyses such as a measurement of gravitationally-induced
non-Gaussianity in the 4PCF of the late-time Universe (48) and constraints on cosmological parity violation. These ideas may
be extended further; a case of particular interest is in the correlation functions of random fields with non-zero spin; these are
required to describe the statistics of fields such as turbulent velocities and CMB polarization.
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A. Explicit Forms for the Basis Functions

A. Hyperspherical Harmonics. For D = 2, D = 3, and D = 4, the hyperspherical harmonics (which form the one-particle basis functions of
§1) are given by

(D=2) ¥, (01) - %27 eit101, [51]

— _ 2£2+1(€2+£1)! 010 —lq
(D - 3) }/61@2(91792) = A m el 1P£2 (COSQQ),

(202 + 1)(203 + 2) (L2 + £1)! (€3 + L2 + 1)!
D=4 Y 01,02,6 =
( ) 014225 (01,02, 03) \/ . ot (65— o)1

eif101 P[fl (cos 62) sinl/2 03 Pegfff;;l/z) (cosB3),

with the D = 4 case matching (49). These are complete bases for S!, S2 and S3, with the D = 3 functions being the usual spherical
harmonics (in the Condon-Shortley convention), made clear by the identification (¢1,%2) — (m,¥), (01,02) — (¢,0), where ¢ is the
azimuthal angle.

B. Clebsch-Gordan Coefficients. The theory of angular momentum addition in D dimensions leads to the following forms for the CG

coefficients:

(D =2) (e, 2| L) =602y 1

e 6oL
(D =3) (66, 33| L1 Lo) = (-1l Ll«/2L2+1(€§ A3 751)

e3/21  02/2 Lg3/2
02 Lg) 3 3

/2 02/2  L3/2
d 4 L) e aRw

(D=4) (00303, B366| L1 L2Ls) :(_1)4%“3*“@3+1)\/(2e;+1)(2e§+1)(2L2+1)( /
2 Lo
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where the 2 X 3 and 3 x 3 matrices are respectively Wigner 3-5 and 9-j symbols (e.g., 23, §34). The D = 3 case should be familiar from
any standard angular momentum text (e.g., 26, 31), and the results for D = 4 are given in (29, 30, 50).558

C. Isotropic Basis. Assuming zero combined angular momentum, i.e. L= 0, the multi-particle basis functions for N = 3 require CG
coefficients of the form <l717572‘ 6> Their presence enforces (1 = —K% and Z}< = Kf( for K > 1, thus the basis functions are specified by

only one set of angular momentum indices ¢; = ¢:

Pngl(fl’fg): Z Yllfzu-ZD—l(fl)Y(*Zl)lszDfl(#) Z (71)Z1Y3122~-~@D—1(f'l)yéﬁez...éD,l(f'Z) (53]

£1..8p_o 01..8p_o

using the complex conjugate relation (Eq.17). This is a natural extension of the Legendre polynomials to D dimensions; indeed the D = 3
case recovers the Legendre polynomial £, (#' - #2) rescaled by (—1)2(4w)/v/202 + 1 (cf. 34). For N = 4, the situation is similar:

0 Al 42 a3y _ ) 343 3 A1 ~2 i ~3
Ph e e GLRE =) > > (PBE )Y G e (Ye s ). (54
e 02,02 3.3
1 D—-2"1 D—-2"71 D—2

This function involves a single CG coefficient (e.g., Eq.52) and does not require an intermediate angular momentum component since we
have fixed I = 0.
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§§§Note that the CG coefficients for D = 4 can be written in terms of the D = 3 Wigner 3-5 and 9-5 symbols; the 3-5 symbols occur via Racah’s factorization lemma, and 9-; symbols enter since SO (4)
is a double cover of SO(3) x SO(3) (29). Further, we note that the D = 4 coefficients are non-zero only if Z% + Zg + Lo is even. This makes it straightforward to extend our existing NPCF
algorithm (17) to four dimensions.
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