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Motivation

't'°“ 1. Much of trading consists of exchanging sequences of cash
The market model flows: coupon payments, dividends, insurance premiums,
The market model

The market model SWad p51 B

The market model .

The market model e Payment schedule matters since wealth cannot be

The market model . . . . .
Superhedging transferred quite freely in time (there is no numeraire).
Superhedging . ] .

Superhedging 2. Trading costs are nonlinear: transaction costs, double

Pricin .

Pricing auction markets, ...

Pricing . L . ] .

Pricing e Nonlinearities imply decreasing returns to scale in the
N hedging of contingent claims.

Summary
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Summary

1. A market model for an agent with

e nonlinear trading costs,
e portfolio constraints,
e no market power.

2. Superhedging and pricing in terms of claim and premium
processes with cash delivery.

3. Dual expressions in terms of stochastic term structures
that capture both the time value of money as well as
uncertainty in payments.




The market model

Motivation e Let J be a finite set of assets traded at t =0, ...,T.

Outline
o Let (Q,F,(F)L,, P) be a filtered probability space.

The market model

The market model
The market model

The market mode Definition 1 A convex cost process is a sequence

€ market mode .

Superhedging S = (S;)L, of real-valued functions on R’ x € such that
Superhedging

Superhedging 1. the function Sy(-,w) is lower semicontinuous, convex and
Pricing .

Pricing vanishes at 0 for every w € (2,

Prici .

i 2. Sy is B(R?) ® F;-measurable.

Pricing . . .

Duality A cost process S is nonlinear, nondecreasing, polyhedral,
Summary

sublinear, linear, ... if the functions Sy(-,w) have the
corresponding property for everyt =0,....T and w € ().
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Motivation

oo Example 2 Ifs = (s;)l_, is an (F;)l_,-adapted R’ -valued

The market model prlce pI’OCESS, then

The market model
The market model _ .
The market model St (ZE’ w) — St (w) L
The market model
deﬂejiz defines a linear cost process in the sense of Definition 1.
Superhedging
Pricing
Pricing
Pricing
Pricing
Pricing
Duality
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" Example 3 (Jouini and Kallal, 1995) /s = (5,)L, and
The market model s = (s,), are (F;)]_,-adapted R’-valued price processes

The market model ) _
with s <'S, then
The market model
The market model . .
_ E J(J
;I'he marke.t model St(xjw) — St (Z[/‘ ,(.U),
uperhedging
Superhedging ]EJ
Superhedging
Pricing
Pricing Where
Pricing
Prici s ) ) )
e . S(w)r? ifa? >0,
Duality St (.CU ) w) — 7 j f- j < O
Summary §t (W)CU IT X7 >

defines a sublinear cost process in the sense of Definition 1.
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Example 4 (Double auction markets) In double auction
markets, the cost of a market order is obtained by integrating
the order book.
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otivation Definition b A portfolio constraint process is a sequence

The market model D = (D;)L, of set-valued mappings from Q to R’ such that
The market model

The market model 1. Dy(w) is closed, convex and 0 € D;(w) for every w € (2,
The market model . i

2. the set-valued mapping w +— D,(w) is F;-measurable.

The market model

uperhedging A portfolio constraint process is said to be polyhedral, conical,
uperhedging . .

Superhedging ... If the sets Dy(w) have the corresponding property for every
Pricing

Pricing t:O,...,TandWEQ.

Pricing

Pricing

Pricing

Duality

Summary
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The market model

Motivation Example 6 The unconstrained case corresponds to

Outline
The market model Di(w) =R’ foreveryt =0,...,T and w € Q.
The market model
The market model
The market model

The market mode Example 7 (Cvitani¢ and Karatzas, 1992, ...) Given a
T — closed convex set K C R’ containing the origin, the sets
Superhedging D;(w) = K define a convex portfolio constraint process.
Superhedging t

Pricing

Pricing .

Pricing Example 8 (Napp, 2003) Given a closed convex cone
i K C RY and an (F;)L_,-adapted sequence (M;)L_, of real
Duality L x J matrices, the sets

ummary

Di(w) = {x € R’ | My(w)x € K},

define a convex conical portfolio constraint process.
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Superhedging

ot vatien e A (contingent) claim process is a real-valued stochastic
The market model process ¢ = (¢;)l_, that is adapted to (F;)l_,.

The market model . . .
The market model e A premium process is a real-valued adapted stochastic

The market model

o e e process p = (p;)._, of cash flows that the seller receives in

e et e exchange for delivering a claim.
Superhedging e Claims and premiums live in the same space
Superhedging
Pricing T 0
Pricing M — {(Ct)tIO ‘ Ct E L (Q,Ft, P7 R)}
Pricing
Pricing
Pricing . . . . .
Duality e Traditionally in mathematical finance,

Summary

p=(po,0,...,0) and c¢=1(0,...,0,cp).
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Motivation e p <& Mis a superhedging premium for c € M if there

Outline
The market model exists an adapted R”’-valued portfolio process z = (z)]_,

The market model

The market model Wlth xT — O SUCh that

The market model
The market model
The market model St(.rt - :Et_l) —I_ Ct S pt P—aS t — O7 « oo
Superhedging

Superhedging o Here 56_1 — O and St(xt — xt_l) denOteS the

Pricin .
o F;-measurable function

T,

Y

Pricing
Pricing
o @ Si(w(w) = 2 (), w).
Duality

Summary

e The above is a numeraire-free way of writing the
superhedging property.
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Example 9 /f there is a numeraire, the superhedging
condition can be written as

T T T
th + Z Si(zy — x4-1) < Zpt7

t=0 t

I
(@)
~
I
(@)

so the payout schedule does not matter. If in addition, S is
linear, i.e. Si(x) = s; - x, the condition can be written in terms
of a stochastic integral as

D -+ Tt - A5t+1-

t=

T
ZCtS

t=0 t

T T-1
=0




Pricing

g"jttliivnae““ Given a premium process p € M, we define the superhedging
The market model cost 7(c) of a claim ¢ € M as the smallest multiple of p that
The market model . . . . .

The maret mod is sufficient for superhedging c. That is,

The market model
The market model .
The market model m(c) =inf{a|Ir e Ny : a2 € Dy, Se(wy — x4-1) + ¢ < apy}.
Superhedging
Superhedging
Superhedging

e Ifp=(1,0,...,0) then 7(c) is gives the least initial
o investment required to superhedge c.

Picing e In swap contracts, 7(c) is the swap rate.

Duslity e In pension insurance, 7(c) is the contribution rate.

Summary
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Proposition 10 The following properties are always valid.

1. 7 Is convex,

2. 7 is monotone: w(c) < w(cd) ifc <,

3. mw(c+Ap)=7(c)+ A forall N € R and c € M,
4. w(0) <0.

If S is sublinear and D is conical then

5. m is positively homogeneous.

e 7(0) is the smallest multiple of p one needs in order to
find a riskless position in the market.

e If one has to deliver a claim ¢ € M, one needs
m(c) — 7(0) units of p more.
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More generally, the superhedging selling price of a ¢ € M
for an agent with initial liabilities ¢ € M is

P(c c) = m(c+c) —m(c).
Analogously, the superhedging buying price is
m(¢) —w(¢—c) = —P(¢ —c).

By convexity, P(¢;c) > —P(c¢; —c), i.e. agents with
identical liabilities and market expectations should not
trade if they aim at superhedging their positions.
However, even completely risk averse agents may trade if
they have different liabilities.
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Arbitrage has little to do with pricing in illiquid markets.

Proposition 11 Under mild conditions, the conditions

(a) w(c) > —oco for some c € M,
(b) w(c) > —oc for every c € M,
(c) m(0)> —o0

are equivalent and imply that the infimum in w(c) is attained.
If S is sublinear and D is conical, then (c) is equivalent to

(e) =(0)>0.

When looking for compensation p € M for delivering a
c € M you shouldn’t ask for something that is freely available
in the market at unlimited quantities.
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The condition 7(0) > 0 is well-known for p = (1,0,...,0).

e In perfectly liquid markets, it means that there is no
arbitrage of the second kind in the sense of [Ingersoll,
1987].

e In the fixed income market model of [Dermody and
Rockafellar, 1991, 1995], it was called the weak no
arbitrage condition.

e While 7(0) > 0 means that it is not possible to
superhedge the zero claim when starting from strictly
negative initial wealth, the law of one price means that it
Is not possible to replicate the zero claim when starting
with strictly negative wealth.
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Duality

otivation e Bond prices can be expressed in terms of zero curves.

The market model e In the presence of a cash account, the price of a random
The market model . . .

The market model claim can be expressed in terms of martingale measures.
The market model e In liquid markets or markets with proportional transaction
The market model . .

The market model costs, prices can be expressed in terms of the same dual
Superhedging . . . . .
Superhedging variables that characterize the no arbitrage condition.
Superhedging

Pricing

iriCi“g 1. For random claims in illiquid markets, we need richer dual
ricing ] .

Pricing objects that encompass both the time value of money as
Pricing

well as the randomness.

Summary 2. In the presence of nonlinearities, arbitrage has little to do

with pricing and the corresponding dual variables.
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Multiple payout dates and nonlinear hedging costs may be
attributed to illiquidity.

Hedging problems often involve premium processes.

Dual representations involve stochastic term structures
that capture uncertainty as well as time value of money.
Martingale measures are related to the existence of a
perfectly liquid asset.

Arbitrage theory is not that important.

What is missing:

In reality, one rarely looks for superhedging strategies
when trading in practice.

Instead, one (more or less quantitatively) sets bounds on
acceptable levels of risk when taking positions in the
market and when quoting prices.




	Motivation
	Outline
	The market model
	The market model
	The market model
	The market model
	The market model
	The market model
	Superhedging
	Superhedging
	Superhedging
	Pricing
	Pricing
	Pricing
	Pricing
	Pricing
	Duality
	Summary

